
So we place the piece with three (top red) into the fourth column (Figure 5).  No-
tice that we have two pieces left with blue hats, and two mandatory spots in the 
figure that must have blue hats to complete the symmetry.  If we place the piece 
with two hats (green and blue) in the first column to match the blue hat in the 
first row, notice that the newly placed green hat doesn’t match properly with the 
original red hat.  This tells us that this particular two-hat piece must be placed so 

that the blue hat is in the bottom row.  The green hat is on the line of sym-
metry and does not have to match up with any other hat (Figure 6).  Now 
the remaining piece with a blue hat fits nicely into the first column (and its 
red and green hats match up nicely, too).  This leaves obvious placements 

for the final two pieces, and we maintain our symmetry 
(Figure 7).  This poster is easiest to do if students can ac-
tually cut out the pieces and physically move them around 
to fit into the cubby holes!  The bottom row of hats is yellow, red, blue and yellow.

2005-2006: Think Outside the Cube:  How many distinct cubes are possible?  
Each face of the cube must be painted either white or red, but there are no other restrictions.  We also are told 
that each face of the cube is identical.  This means that it is not like working with a die in which the six faces 
are distinguishable.  For our cube, if we decide to paint exactly one face red, it will not matter which face we 
choose.  Each choice would lead to the same cube.  So there is only one way to create a cube with exactly one 
face painted red.  Things change when we paint exactly two faces red.  We could have 
a cube with two adjacent faces painted red or two parallel faces painted red.  These are 
the only two scenarios that would give us different cubes (Figure 1).  What if we paint 
exactly three faces red?  These three faces could be the three faces sharing a vertex 

(all connected at a corner) or three faces that wrap around the 
cube consecutively.  These are the only two possibilities (Figure 2).  What if four faces 
are to be painted red?  We have already figured this out.  This would mean exactly two 
faces are painted white.  We already know there are exactly two ways to paint two 
faces red, so there are also only two ways to paint two faces white.  Likewise, painting 

five faces red will mean painting one face white, and we know there is exactly one way to do that.  The only 
other two options are painting none of the faces red (meaning they are all white) and painting all of the faces 
red.  This is 1 + 2 + 2 + 2 + 1 + 2 = 10 distinct cubes with only white and red faces. 

2006-2007: How many watermelons did Joann eat?
On the first day, Joann ate x watermelons; on the second day, she ate x + 6 watermelons; on the third day, she ate 
x + 12 watermelons; and so on.  Therefore, she ate a total of x + (x + 6) + (x + 12) + (x + 18) + (x + 24), which 
simplifies to 5x + 60 watermelons.  We are told this is equal to 100 watermelons, so 5x + 60 = 100.  Subtracting 
60 and then dividing by 5 tells us x = 8, and on the third day she ate x + 12 = 8 + 12 = 20 watermelons.  Notice 
that the number of watermelons eaten each day forms an arithmetic sequence, and the third day is the middle 
term of the sequence.  Therefore, the average 100 ÷ 5 = 20 is the average amount eaten each day and is the exact 
amount eaten on the third day.

***  More solutions follow ***
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