Problem of the Week Archive
National Competition – May 7, 2018

Problems & Solutions

On Sunday, May 13th, 224 of the nation’s smartest middle-school math minds will be in
Washington, DC for the 2018 Raytheon MATHCOUNTS National Competition. The stakes are high,
and the problems will be tough. Here are a few Sprint Round problems national competitors solved
in 2017.
What is the maximum possible absolute difference between a two-digit integer and the two-digit
integer resulting when the digits are reversed?
[Sprint #2]
We want the largest possible two-digit integer and the smallest possible two-digit integer that have their digits reversed. These
are 91 and 19. The difference is 91 – 19 = 72.

How many perfect squares are divisors of the product 1! ⋅ 2! ⋅ 3! ⋅ 4! ⋅ 5! ⋅ 6! ⋅ 7!?

[Sprint #10]

Let’s write this product of factorials out in its prime factorization: 216 × 37 × 53 × 71. Since we want perfect square factors, we
are looking for pairs of primes. The highest perfect square factor is 216 × 36 × 52 = (28 × 33 × 51)2. Since this is the highest
factor, we can find the total number of factors by finding how many ways there are to choose pairs of 2s, 3s and 5s. There are
8 pairs of 2s, so 9 ways to pick the number of pairs, from 0 to 8. There are 3 pairs of 3s, so 4 ways to pick the number of pairs,
from 0 to 3. Lastly, there is only 1 pair of 5s, so there is 2 ways to pick the number of pairs, 0 or 1. In total, that gives us 9 × 4
× 2 = 72 perfect squares.

A college dorm houses math majors and chemistry majors. There is at least one student in each
major and no students are majoring in both. Students live in single or double rooms. If four-fifths of
the math majors are roommates with six-sevenths of the chemistry majors, what is the least possible
number of students living in the dorm?
[Sprint #16]
If 4/5 × M = 6/7 × C, then C/M = 28/30 = 14/15. The least number of students living in the dorm is therefore 14 + 15 =
29 students.
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